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In this paper, we present the weak deflection angle in a Schwarzschild black hole of mass m surrounded by the
dark matter of mass M and thickness ∆rs. The Gauss-Bonnet theorem, formulated for asymptotic spacetimes,
is found to be ill-behaved in the third-order of 1/∆rs for very large ∆rs. Using the finite-distance for the
radial locations of the source and the receiver, we derived the expression for the weak deflection angle up to the
third-order of 1/∆rs using Ishihara (et al.) method. The result showed that the required dark matter thickness is
∼ 2√3mM for the deviations in the weak deflection angle to occur. Such thickness requirement is better by a
factor of 2 as compared to the deviations in the shadow radius (∼ √3mM ). It implies that the use of the weak
deflection angle in detecting dark matter effects in one’s galaxy is better than using any deviations in the shadow
radius.
I. INTRODUCTION
One of the fruitful achievements of the human mind is the
general theory of relativity by Albert Einstein, which relates
the phenomena of gravitation to the geometry of spacetime.
One consequence of the theory is the existence of black holes
that have long remained to be a theoretical construct, until the
release of the first image of the black hole shadow at the center
of the M87 galaxy on April 10, 2019 [1].
At present, dark matter is another entity that remains so mys-
terious and elusive. The ΛCDM model of cosmology suggests
that the content of our universe is made up of 27% dark matter,
which constitutes 85% of the total mass [2]. Using Earth-based
laboratories, several scientists attempted to detect dark matter
by direct means, but they gave inconsistent results with each
other. (see [3] and [4]). Even long before these experiments,
indirect search through dark matter annihilation also revealed
null results [5, 6]. It proves that dark matter detection is more
difficult compared to gravitational wave detection [7].
Emerging theoretical efforts have shown alternative means
of possible dark matter detection using the changes in the
silhouette of a black hole. The spacetime of pure dark matter
and black hole were combined rigorously by Xu in Ref. [8],
and this formalism of using dark matter density profiles to black
hole spacetime is applied immediately to our own and M87
galaxy [9, 10]. Several studies are also present that analyze
the black hole shadow and deflection angle under the influence
of dark matter modeled as a perfect fluid [11, 12]. However,
Konoplya in Ref. [13] considered these black hole metrics as
highly model-dependent. Using a less model-dependent and
agnostic view on dark matter, he estimated the condition for
dark matter to have some notable effect on the shadow radius.
Not only the study of shadow from various black hole mod-
els has gained much attention from many researchers, but also
the study of gravitational lensing (GL). GL has proved useful
in probing many astrophysical objects. Long ago, it is used to
probe the coevolution of supermassive black holes (SMBH)
and galaxies [14]. It is also used to probe exotic entities like
dark matter [15–17] that permeates a whole galaxy, and even
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galaxy clusters [18, 19]. Astrophysical black holes, which can
also be approximately described by the Schwarzschild metric
for useful estimates, are studied extensively in terms of lensing
and the relativistic images that it produces [20, 21].
Perhaps the most popular way to obtain the weak deflection
angle is by using the Gauss-Bonnet theorem (GBT) introduced
in Ref. [22]. Since then, the GBT has been proven very
useful in calculating the weak deflection angle of various black
hole models that demonstrate asymptotic behavior [23–29].
Other notable studies also existed that includes dark matter,
phantom matter, and quintessential energy, [12, 30–32] on their
analysis of the weak deflection angle. Gravitational lensing
by exotic matter or energy, which possibly deviate from some
well-known equation of state, is also explored in [33–35].
Calculation of the weak deflection angle for non-asymptotic
spacetimes seems problematic using the GBT as far as its
asymptotic form is concerned. Recently, an improved analysis
in Ref. [36] made the calculation possible by considering
the finite distances of the source and receiver. However, the
correspondence between the GBT and finite-distance involves
the brute force of evaluating integrals, which contain the orbit
equation. This method, whether the spacetime is asymptotic or
not, axially-symmetric or not [37–39], is also useful in strong
gravitational lensing regime [40, 41].
It is interesting to investigate the effect of dark matter config-
uration used in Ref. [13] on a different black hole phenomenon:
weak gravitational lensing. In particular, this paper seeks to
derive the expression for the weak deflection angle caused by
the main property of dark matter - its mass. Although that the
deviation in the shadow radius already gives us the idea that
null geodesics are affected, it is interesting to find out whether
if the deviation in the black hole’s weak deflection angle offers
a better condition for dark matter detection.
We organize the paper as follows: Sect. II introduces the
dirty Schwarzschild metric alongside with the description of
the simple dark matter model in consideration. In Sect. III, we
present three possible cases that show the different positions of
the source and receiver relative to the dark matter distribution
and utilize the GBT. In Sect. IV, we proceed to calculate the
weak deflection angle by assuming some finite-distance of the
source and the receiver using the Ishihara (et al.) method.
Lastly, in Sect. V, we summarize the results and indicate some
possible future research direction. The metric signature in this
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2study is +2, and we use G = c = 1.
II. DIRTY SCHWARZSCHILD BLACK HOLE
The term ”dirty” black hole has its roots in Ref. [42–46]
which describes a black hole surrounded by some astrophysical
environment. These dirty black holes can be categorized as
follows: (a) those that came from a specific Lagrangian, or a
certain field theory which results to a metric as the Einstein
field equation is solved (for examples, see Refs. [47–52]), (b)
generic black hole metrics with sufficient generality [53] that
came from some hypothetical configuration (or derived from
empirical data) of astrophysical environment, and (c) dirty
black holes which came from solutions to a non-Einsteinian
theory such as pseudo-complex general relativity [54–56].
Here, we give a brief overview and describe the dirty
Schwarzschild black hole used in Ref. [13], where the au-
thor studied dark matter effects on the photonsphere and black
hole shadow. The astrophysical environment in consideration
is a spherical shell of dark matter described only by its mass
M, inner radius rs, and thickness ∆rs (the subscript s denotes
shell). Further, the dark matter mass M is treated as an ad-
ditional effective mass to the black hole while maintaining
its non-interaction with the electromagnetic field. Since the
physical parameters of the dark matter shell are hypothetical,
such a dirty black hole falls to the second category described
above. The generic metric produced still has sufficient gen-
erality because the black hole itself came from the vacuum
solution of the Einstein equation.
One can then assume a piecewise function to impose three
domains [13]:
M(r) =

m, r < rs;
m+MG(r), rs ≤ r ≤ rs + ∆rs;
m+M, r > rs + ∆rs
(1)
where
G(r) =
(
3− 2r − rs
∆rs
)(
r − rs
∆rs
)2
. (2)
The expression for G(r) is chosen so thatM(r) andM′(r)
are continuous (see Fig. 1). Note also the possibility ofM < 0.
The Schwarzschild metric is one of the famous, yet simplest,
vacuum solution of the Einstein field equations. Consider
surrounding it with a spherical shell of dark matter whose
parameters are described by Eq. (2). Then we have
ds2 = −f(r)dt2 + f(r)−1dr2 + r2 (dθ2 + sin2 θdφ2) (3)
where the metric function f(r) is now given by
f(r) = 1− 2M(r)
r
. (4)
The general scenario is depicted in Fig. 2 where rs 6= rh,
which makes the piecewise function in Eq. (1) very clear. Con-
sidering the first domain and if r is between rh and rs, the dark
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FIG. 1. Example of a choice for mass function. Here, M = 10m,
rs = 2m, ∆rs = 20m, m = 1.
FIG. 2. A representation of a black hole surrounded by a thin shell of
dark matter where rs 6= rh.
matter outside r has no bearing to any black hole phenomena
that we want to analyze. The situation is completely equiv-
alent as if there’s no dark matter surrounding the black hole.
Suppose that r describes the photonsphere radius rph, then we
simply have the trivial expression rph = 3m.
The third domain of Eq. (1) seems an innocent-looking
condition where the parameters rs and ∆rs does not exist.
The domain can be interpreted in two ways: (1) an isolated
black hole surrounded by some dark matter shell, and (2) a
black hole at the center of a galaxy (combined mass is m)
where both are surrounded by dark matter halo. Taking the
example of deriving the photonsphere radius, the former case
3gives rph = 3(m + M) as the null geodesic has no way to
cross the outer radius of the dark matter shell. The study of
the deflection angle is more applicable to the latter case, but
the third domain’s applicability rests on the assumption that
the null geodesic never crosses the region of dark matter halo.
For this to happen, the location of the source and the receiver
must be tremendously remote from the lensing galaxy. It is
also easy to see why the first and third domains should satisfy
the Einstein equation.
For the second domain, the spacetime where the r-
coordinate is located is now different due to the introduction
of dark matter mass M and its physical dimensions. Since the
configuration is hypothetical, we don’t know the specific field
theory, which may lead to the stress-energy tensor that pro-
duces such expression of the metric if the Einstein equation is
solved. It is also true for black hole spacetime fused with dark
matter models whose density profiles came from observational
data [8–10], hence they can be considered as dirty black holes.
It is possible, however, to satisfy the Einstein equation. The
key is to express the Einstein tensor in terms of appropriately
chosen orthogonal bases along with the stress-energy tensor
[57].
Assuming that the new spacetime expressed through the sec-
ond domain of Eq. (1) satisfies the Einstein equation, one can
proceed with the analysis of black hole properties. It is found
out that it gives a non-trivial expression for the photonsphere
radius inside the dark matter shell, and is also true even with
the approximation ∆rs >> rs [13]. Nevertheless, it gave
relevant insights to the effect of dark matter on the photon-
sphere radius, and as a consequence, to the deviations in the
shadow radius. Note that being in the piecewise relation, the
equation for the second domain cannot be applied for values of
r beyond its lower and upper bounds. An observer inside the
dark matter shell has a different reality condition compared to
being outside it, or as the first domain applies.
Looking at Eq. (2) again, the function allows rs to have
values smaller than r = 2m. For simplicity, one can set
rs = 2m and assume that the dark matter shell is static. By
being static, it means that dark matter is not affected by the
radial pull of the black hole. Nevertheless, it amplifies the
change in the black hole’s geometry, which then manifests to
the dynamics of null and time-like particles.
The idea of an astrophysical environment that surrounds a
black hole is common in several studies [58, 59]. The reasons
include (1) verify whether the deviation observed is due to the
new physics happening near the horizon, or due to some effect
of the astrophysical environment; and (2) directly examine
and study the influence of astrophysical environment to the
geometry of black hole. Only recently that the mass function
in Eq. (1) has been used to make some estimates of dark matter
effects to the radius of the black hole shadow [13].
III. DEFLECTION ANGLE IN A DIRTY BLACK HOLE
USING THE GAUSS-BONNET THEOREM
Consider D as a freely orientable two-dimensional curved
surface described by the Gaussian curvature K, and dS is
FIG. 3. Schematic diagram of a curved surface for Gauss-Bonnet
theorem. The interior angles are denoted by ε while the exterior (or
”jump”) angles are θ.
its infinitesimal area element (See Fig. 3). It contains several
boundaries that are differentiable curves, denoted by ∂Da (a =
1, 2, ..., N ), with geodesic curvature κg. Such boundary also
contains the line element ` where its sign remains consistent
with the surface orientation. Let θa represents the exterior
or jump angles along the vertices of the surface. Then the
Gauss-Bonnet theorem states that [36, 40, 60, 61]∫∫
D
KdS +
N∑
a=1
∫
∂Da
κgd`+
N∑
a=1
θa = 2pi. (5)
In the weak lensing regime, the Gauss-Bonnet theorem
proves to be a powerful tool in calculating the weak deflec-
tion angle αˆ as long as the spacetime is asymptotically flat.
If the spacetime is static, and spherically symmetric (SSS),
κg = 0 along the boundary curves and the second term in Eq.
(5) vanishes. Assuming asymptotic flatness of the spacetime
being considered, the weak deflection angle can be derived as
[22, 29, 36, 40, 62, 63]
αˆ = −
∫∫
∞
R ∞S
KdS (6)
where K is the Gaussian optical curvature that is integrated
over the quadrilateral ∞R ∞S , dS is the surface area element.
These quantities that are important in GBT, are defined as
follows:
K =
Rrφrφ
γ
, (7)
dS =
√
γdrdφ (8)
where γ denotes the determinant of the spatial metric γij as i
and j run from 1 to 3. The spatial metric for an SSS spacetime
4can be found by considering the null condition ds2 = 0, and
solving for dt yields [23]
dt =
√
γijdxidxj . (9)
Rewriting Eq. (3) as
ds2 = A(r)dt2 +B(r)dr2 + C(r)dθ2 +D(r, θ)dφ2, (10)
the definition of γij is given by
γijdx
idxj =
1
A(r)
(
B(r)dr2 + C(r)dθ2 +D(r, θ)dφ2
)
.
(11)
Dealing only in equatorial orbits, the Gaussian curvature K,
being related to the two-dimensional Riemann tensor, can be
written in terms of affine connection as [12, 26]
K =
1√
γ
[
∂
∂φ
(√
γ
γrr
Γφrr
)
− ∂
∂r
(√
γ
γrr
Γφrφ
)]
(12)
and using Eq. (10), K can be written as [63]
K = −
√
A(r)2
B(r)D(r)
∂
∂r
[
1
2
√
A(r)2
B(r)D(r)
∂
∂r
(
D(r)
A(r)
)]
.
(13)
With the area surface element dS in Eq. (8), we can write Eq.
(6) as
αˆ =
∫ pi
0
∫ ∞
ro
Kdrdφ, (14)
where the Gaussian curvature term [32] reads
K = − ∂
∂r
[
1
2
√
A(r)2
B(r)D(r)
∂
∂r
(
D(r)
A(r)
)]
. (15)
Also, ro denotes the radial distance of the photon’s closest
approach to the lensing black hole, and can be obtained through
the orbit equation. For an SSS metric such as the Schwarzschild
metric, the photon’s orbit equation in the equatorial plane reads(
dr
dφ
)2
=
D(r)(D(r)−A(r)b2)
A(r)B(r)b2
(16)
where b is the impact parameter. For convenience and as usu-
ally done in celestial mechanics, we can set u = 1r . Thus, the
above can be expressed as(
du
dφ
)2
≡ F (u) = u
4D(u)(D(u)−A(u)b2)
A(u)B(u)b2
. (17)
The closest approach uo can be found by iteratively solving u
in Eq. (17) and imposing the boundary condition dudφ
∣∣
φ=pi2
= 0.
For example, for the Schwarzschild metric, u is given by
u =
sinφ
b
+
m
b2
(1 + cos2 φ). (18)
With uo, we can now recast Eq. (14) as
αˆ =
∫ pi
0
∫ uo
0
− K
u2
dudφ. (19)
FIG. 4. Quadrilateral embedded in curved spacetime while enclosing
dark matter shell.
A. Case 1:M(r) = m
Let uS and uR be the reciprocal of the source’s and re-
ceiver’s radial distance from the lensing object. The use of
Eq. (14) assumes that these radial distances are so far away
that the spacetime becomes approximately Minkowskian. For
the first domain in Eq. (1) to hold, the inner radius rs of the
dark matter shell should always larger than the source’s and
receiver’s radial distance (See Fig. 4). With the metric function
taking the form
f(r) = 1− 2m
r
, (20)
the Gaussian curvature and the area element in the equatorial
plane reads
K = −2m
r3
+
3m2
r4
dS = r + 3m+O(m2) (21)
respectively. Using Eq. (19), we find
αˆ =
∫ pi
0
∫ sin(φ)
b +
m
b2
(1+cos2 φ)
0
− K
u2
dudφ
=
∫ pi
0
∫ sin(φ)
b +
m
b2
(1+cos2 φ)
0
2m+ 3m2u+O (m3) dudφ
=
4m
b
+
15pim2
4b2
+O (m3) (22)
which is the weak deflection angle of a Schwarzschild black
hole up to the second-order in m.
5FIG. 5. Geometrical configuration of the quadrilateral when S and R
are beyond the outermost radius of dark matter shell.
B. Case 2:M(r) = m+M
Following the discussion in Sect. II about the possible inter-
pretation of this case, Fig. 5 shows the use of the third domain
of Eq. (1). As we deal only with a non-rotating black hole, the
metric function is trivial:
f(r) = 1− 2(m+M)
r
. (23)
Using Eq. (14), we find
αˆ =
∫ pi
0
∫ sin(φ)
b +
m+M
b2
(1+cos2 φ)
0
− K
u2
dudφ
=
∫ pi
0
∫ sin(φ)
b +
m+M
b2
(1+cos2 φ)
0
2(m+M)
+ 3(m+M)2u+O [(m+M)3] dudφ
=
4(m+M)
b
+
15pi(m+M)2
4b2
+O [(m+M)3] (24)
The result in Eq. (24) shows clearly how the dark matter
mass acts as an additional effective mass to the black hole -
it increases the value of the weak deflection angle. It clearly
shows how M adds up to the spacetime distortion that affects
the path of the null geodesic. It also means that the photon’s
path never enters and leaves the dark matter shell as it travels
from the source to the receiver. Suppose that M = 0 and
we increase m, the null geodesic would only shift to its new
orbital equilibrium while being outside the vicinity of the event
horizon.
C. Case 3:M(r) = m+MG(r)
In this scenario, the null geodesic should remain inside the
dark matter shell for the second domain in Eq. (1) to hold.
Such restriction is to determine how the weak deflection angle
should behave, knowing that the dark matter beneath or above
FIG. 6. Far approximation of S and R (i.e. uS << 1 and uS << 1)
always implies the approximation that ∆rs >> 1uS (or uR) for the
2nd domain in Eq. (1) to hold.
the null geodesic can affect it. This scenario is the same as the
restriction imposed in Ref. [13] for the photonsphere radius.
Suppose that ∆rs is fixed where its thickness is not yet
comparable to dark matter halos and accommodates both the
source and the receiver inside the shell. In calculating the weak
deflection angle using Eq. (19), the asymptotic condition must
apply, but the problem is that the source and the receiver loca-
tions exceed that of the shell’s outer radius. Hence, given Eq.
(1), such a situation invalidates the use of Eq. (2). Therefore,
there is a necessity for the approximation of ∆rs that it must
be very large. Such approximation directs the analysis to the
scenario involving the source and the receiver inside a very
large dark matter halo. This means there is an assumption that
∆rs >>
1
uS
(and uR). See Fig. 6.
The orbit equation in this case is
F (u) =
1
b2
+ u2(2mu− 1)
+
2M
∆r2s
(rsu− 1)2
(
2rsu
∆rs
− 2
∆rs
+ 3u
)
. (25)
Note that there is no coupling between the black hole mass
m and dark matter mass M in Eq. (25), unlike the coupling
between the spin parameter a and m in Kerr spacetime. The
iterative solution of Eq. (25) to obtain uo is then
u =
sinφ
b
+
m
b2
(1 + cos2 φ) +
3Mr2s
b2∆r2s
. (26)
Hence, the integrand of Eq. (19), up to the third-order of
1/∆rs, is expressed by
αˆ =
∫ pi
0
∫ uo
0
− K
u2
dudφ =
∫ pi
0
∫ uo
0
[
2m+
6Mr2s
∆r2s
− 6mMrs(2− 3rsu)
∆r2s
− 4M
∆r3s
(
1
u3
− r3s
)
− 12mMr
2
s(1− rsu)
∆r3s
+O
(
m2,
1
∆r4s
)]
dudφ. (27)
The result shows divergence in the 4th term if one attempts to
evaluate the integral. It means that in the third-order of 1/∆rs,
6if one insists to be more precise in their calculations, the space-
time is not asymptotically flat and GBT cannot be used. The
same case also occur in other non-asymptotic spacetime such
as those that involved the cosmological constant such as the
Kottler spacetime [64]. However, the cosmological constant
has no adjustable parameters where an approximation can be
made possible.
The condition ∆rs >> 1u gives the approximate expression
if ∆rs is very large, at least comparable to the known size of
dark matter halos. Therefore, the manifestation of dark matter
effects to the weak deflection angle can be seen to begin with
the second-order of 1/∆rs. Fortunately, there is asymptotic
flatness and proceeding with the GBT calculation, we find
αˆ =
∫ pi
0
∫ uo
0
− K
u2
dudφ =
∫ pi
0
∫ uo
0
[
2m+
6Mr2s
∆r2s
− 6mMrs(2− 3rsu)
∆r2s
]
dudφ =
4m
b
+
12Mr2s
b∆r2s
− 24mMrs
b∆r2s
+
15pim2
4b2
+
39pimMr2s
2b2∆r2s
. (28)
showing higher-order terms. It is now a matter of question
whether the third term in Eq. (28) can also be neglected due to
the nature of dark matter model used in this study. To find out,
we will use Ishihara (et al.) method [36] to purposely show
that we can compute the weak deflection angle up to the third-
order in 1/∆rs, and compare the result to Eq. (28) at least
in second-order of 1/∆rs. The formalism developed is very
useful in dealing with Kottler spacetime and Schwarzschild-
like solutions in the Weyl conformal gravity [65] because it
assumes that uS and uR are at finite distance from the black
hole. The computation using this method will be the subject of
the next section.
IV. DEFLECTION ANGLE USING FINITE DISTANCE
In this section, we use the method in Ref. [36] to calculate
the weak deflection angle of a black hole under the influence
of dark matter, as demonstrated in Fig. 6. From the GBT, the
generalized correspondence between the deflection angle and
the surface integral of the Gaussian curvature reads
αˆ = φRS + ΨR −ΨS
=
∫ uo
uR
1√
F (u)
du+
∫ uo
uS
1√
F (u)
du+ ΨR −ΨS (29)
where F (u) and uo are given by Eq. (25) and Eq. (26) re-
spectively. The angles ΨS and ΨR in Eq. (29) are determined
through the inner product of the unit basis vector in the space-
time considered, and the unit vector with respect to the lensing
object. The unit basis vector ei, along the equatorial plane, is
given by
ei =
(
dr
dt
, 0,
dφ
dt
)
=
dφ
dt
(
dr
dφ
, 0, 1
)
(30)
while the unit radial vector, which is along the radial direction
from the lens is
Ri =
(
1√
γrr
, 0, 0
)
. (31)
Hence, the inner product suggests the definition
cos Ψ ≡ γijeiRj
cos Ψ =
√
γrr
A(r)b
D(r)
dr
dφ
. (32)
Using F (u) in Eq. (17), it is easy to see that
sin Ψ =
√
A(r)
D(r)
b (33)
where it clear that it is favorable to use sin Ψ than using cos Ψ.
Taylor expansion of ∆rs as it is very large resulted to an
angle Ψ calculated as
Ψ = arcsin(bu
√
1− 2mu)
−3bM
∆r2s
(rsu− 1)2√
1− 2mu√b2u2(2mu− 1) + 1
− 2bM
∆r3s
(rsu− 1)3
u
√
1− 2mu√b2u2(2mu− 1) + 1 +O
(
1
∆r4s
)
.
(34)
Continuing, we find that
ΨR −ΨS = (ΨSchwR −ΨSchwS )−
3bM
∆r2s
[
(rsuR − 1)2√
1− b2u2R
+
(rsuS − 1)2√
1− b2u2S
]
−2bM
∆r3s
[
(rsuS − 1)3
uR
√
1− b2u2R
+
(rsuS − 1)3
uS
√
1− b2u2S
]
7+
3bmM
∆r2s
[
uR
(
2b2u2R − 1
)
(rsuR − 1)2
(1− b2u2R)3/2
+
uS
(
2b2u2S − 1
)
(rsuS − 1)2
(1− b2u2S)3/2
]
+
2bmM
∆r3s
[(
2b2u2R − 1
)
(rsuR − 1)3
(1− b2u2R)3/2
+
(
2b2u2S − 1
)
(rsuS − 1)3
(1− b2u2S)3/2
]
+O
(
1
∆r4s
)
(35)
where
(ΨSchwR −ΨSchwS ) = [arcsin(uRb) + arcsin(uSb)− pi]
− bm
[
u2R√
1− b2u2R
+
u2S√
1− b2u2S
]
. (36)
Note the above expression contains a divergent term in the
third-order of 1/∆rs. Hence, the spacetime caused by the
combination of black hole and dark matter with very large ∆rs
is non-asymptotic and the limit uS → 0 and uR → 0 is not
allowed.
We now proceed to calculate the φRS part by evaluating the
integrals in Eq. (29). The function F (u) in Eq. (25) results to
an integrand of the form
1√
F (u)
=
b√
1− b2u2 −
b3u3m
(1− b2u2)3/2
−3Mb
3
∆r2s
u(rsu− 1)2
(1− b2u2)3/2
+
9b5mMu4
∆r2s
(rsu− 1)2
(1− b2u2)5/2
− 2Mb
3
∆r3s
(rsu− 1)3
(1− b2u2)3/2
+
6b5mMu3
∆r3s
(rsu− 1)3
(1− b2u2)5/2
+O
(
1
∆r4s
)
. (37)
The evaluation of the integral gives a cumbersome expres-
sion and reveals no divergence especially in the third-order of
1/∆rs and hence, can be safely omitted for brevity. Due to Eq.
(29), the expression for the source and receiver are essentially
the same, and that is
∫
1√
F (u)
du = arcsin bu+
m
b
(
b2u2 − 2)√
1− b2u2
+
9M
∆r2s
[(
m− 2rs
3
)
+
5mr2s
2b2
]
arcsin(bu)− 3M
b∆r2s
[
b2
(−r2su2 − 2rsu+ 1)+ 2r2s]√
1− b2u2
− 3mMrs
2b∆r2s
(
48rsb
2u2 + 6b2u+ 15r2su− 32rs
)
(1− b2u2)3/2
+O
(
1
∆r3s
)
+ C (38)
where C is a constant. The expression for φRS includes the sum of two evaluated integrals:
φRS = φ
Schw
RS −
9M
∆r2s
[(
m− 2rs
3
)
+
5mr2s
2b2
]
[arcsin(buR) + arcsin(buS)]
+
3M
b∆r2s
{[
b2
(−r2su2R − 2rsuR + 1)+ 2r2s]√
1− b2u2R
+
[
b2
(−r2su2S − 2rsuS + 1)+ 2r2s]√
1− b2u2S
}
8+
3mMrs
2b∆r2s
[(48rsb2u2R + 6b2uR + 15r2suR − 32rs)
(1− b2u2R)3/2
+
(
48rsb
2u2S + 6b
2uS + 15r
2
suS − 32rs
)
(1− b2u2S)3/2
]
+O
(
1
∆r3s
)
(39)
where we introduced
φSchwRS = pi − arcsin(uRb)− arcsin(uSb)−
m
b
[ (
b2u2R − 2
)√
1− b2u2R
+
(
b2u2S − 2
)√
1− b2u2S
]
. (40)
We can finally calculate the deflection angle αˆ using Eq. (29). Combining Eq. (35) and Eq. (39), we find
αˆ ≈ 2m
b
[√
1− b2u2R +
√
1− b2u2S
]
− 9M
∆r2s
[(
m− 2rs
3
)
+
5mr2s
2b2
]
[arcsin(buR) + arcsin(buS)]
+
6Mr2s
b∆r2s
[√
1− b2u2R +
√
1− b2u2S
]
− 2bM
∆r3s
[
(rsuR − 1)3
uR
√
1− b2u2R
+
(rsuS − 1)3
uS
√
1− b2u2S
]
−
3mM
2∆r2s
{[
4b2uR + rs(52b
2u2R + 15rsuR − 32)
]
b (1− b2u2R)3/2
+
[
4b2uS + rs(52b
2u2S + 15rsuS − 32)
]
b (1− b2u2S)3/2
}
+
2bmM
∆r3s
[(
2b2u2R − 1
)
(rsuR − 1)3
(1− b2u2R)3/2
+
(
2b2u2S − 1
)
(rsuS − 1)3
(1− b2u2S)3/2
]
+O
(
1
∆r4s
)
. (41)
The next procedure is to impose the limit uS → 0 and
uS → 0 in Eq. (41) which is not problematic in asymptotic
spacetimes. However, this limit is not applicable or allowed in
Eq. (41) since αˆ will apparently diverge. Hence, the reciprocal
of uS and uR can be interpreted as finite distances but with
very small values. For the far source and receiver, it is then
safe to impose uS << 1 and uR << 1 [12, 36]. Eq. (41) then
becomes
αˆ ≈ 4m
b
+
12Mr2s
b∆r2s
− 96mMrs
b∆r2s
+
2Mb
∆r3s
[(
1
uR
+
1
uS
)
+ 2m
]
+O
(
1
∆r4s
)
. (42)
Comparing this result to Eq. (28), we see that the first two
terms are identical, except the third term, and the existence
of terms in the third-order of 1/∆rs which cannot be derived
from the GBT given by Eq. (14). Dark matter mass, being
an additional effective mass, makes the mM term to be inter-
preted as a higher-order term in mass and hence, can safely
be neglected. The significant contribution to the weak deflec-
tion angle only arises from the first two terms. Moreover, the
source and the receiver are inside the dark matter halo, hence
∆rs >> 1/uS and ∆rs >> 1/uR is possible. Hence, we are
left with
αˆ ≈ 4m
b
+
12Mr2s
b∆r2s
(43)
and we see that dark matter has an effect to increase the value
of the weak deflection angle. See Fig. (7). Moreover, the
abnormality of such increase in the weak deflection angle
due to the very small ∆rs might constrain the value of dark
matter mass M . The weak deflection angle is asymptotic to
the Schwarzschild case as ∆rs increases, as expected. Note
that if the mass M is negative, which might represent an exotic
matter with negative kinetic term, the weak deflection angle
decreases.
We recall the estimate in Ref. [13] that for notable dark
matter effects to occur in the shadow radius, the effective
radius of the dark matter distribution must be in the order of
∆rs ∼
√
3mM . This result is found by the same analysis
using Fig. 6. For a given value of M , it revealed a very
small value of ∆rs, which implies that dark matter must be
concentrated near the black hole to change the shadow radius
considerably. Further analysis also revealed that when the dark
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FIG. 7. Weak deflection angle as ∆rs varies. Here, rs = 2m which
coincides with the event horizon, and b = 1000m.
matter density is very low (∆rs is very large), the effect of
dark matter outside the photon’s orbit can be safely neglected.
Hence, the dark matter mass beneath the photon’s orbit is the
main contributor to any deviations. Such a previous conclusion
synchronizes with the results in Eq. (28) and Eq. (42). Since
dark matter acts as an additional effective mass to the black
hole, we can interpret the mM term as a higher-order term in
mass, and their coupling can be ignored.
Surprisingly, Eq. (43) reveals that dark matter effects
will occur in the weak deflection angle (as deviation) when
∆rs = 2
√
3mM . Since there is an increase in the thickness
requirement, dark matter detection via deviations in the weak
deflection angle of a black hole is better compared when a
deviation in shadow radius is used. Unfortunately, however,
such an increase is still irrelevant, at least for the technological
capabilities we have today. Consider an estimate for dark mat-
ter mass in our galaxy which isM ≈ 1.0×1012M [66] while
the mass of the central black hole is aroundm ≈ 4.3×106M.
It gives a required dark matter thickness of ∆rs ≈ 6.13×1012
m ≈ 2 × 10−4 pc to see any changes in the weak deflection
angle. Such value is lower in many orders of magnitude even if
we compare it to the core radius of the dark matter halo present
in our galaxy (ro ≈ 15.7− 17.46 kpc) [67].
V. CONCLUSION
In this paper, we present an analytic formula for the weak
deflection angle using a simple dark matter model that only
incorporates its basic features, such as mass and physical pa-
rameters. It is shown that the GBT, with its form given by Eq.
(19), can be used only to the second-order of 1/∆rs, but is
ill-behaved in the third-order of 1/∆rs. If precision in the cal-
culation matters, the resulting apparent divergence is found and
justified using Ishihara (et al.) method. The expression con-
taining the second-order in 1/∆rs represents the approximate
condition where the initial manifestation of dark matter effect
occurs as a deviation in the weak deflection angle. We found
that it is twice that of shadow radius deviations. Interestingly,
if one seeks to detect dark matter using the central black hole
in one’s galaxy, using the weak deflection angle is better than
observing deviations in the shadow radius. Although being
better, the deviation is still very small to be detected by current
technology.
Extensions of the current study to non-spherical, or non-
static dark matter distribution, surrounding a more complicated
black hole metrics, are left for future work.
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